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PERIODS AND (*, 6)-FACTORS OF CUSPIDAL 
AUTOMORPHIC FORMS OF SYMPLECTIC GROUPS 
(PRELIMINARY VERSION) 

DIHUA JIANG AND CHENYAN WU 


Abstract. In this paper, we introduce a new family of period 
integrals attached to irreducible cuspidal automorphic representa¬ 
tions 7 r of symplectic groups Sp 2n (A), which is expected to char¬ 
acterize the right-most pole of the L-function L(s, 7r x \) f° r some 
order-two character y of F x \ A x , and hence to detect the oc¬ 
currence of a simple global Arthur parameter (y, b) in the global 
Arthur parameter ip attached to n. 


1. Introduction 


Let 7 r be an irreducible cuspidal automorphic representation of an 
symplectic group Sp 2n (A) with A the ring of adeles of a number held 
F. The tensor product L -functions L(s, 7i x r), with r varying in the 
set of equivalence classes of irreducible unitary cuspidal automorphic 
representation of a general linear group GL a (A), are important invari¬ 
ants associated to 7r. Langlands proves that this family of L-functions 
converges absolutely for the real part of s l arge and have meromorphic 


continuation to the whole complex plane ( |Lan71 ]h It remains to show 


that they satisfy the standard functional equation and have finitely 
many poles on the real line with s > |. Various approaches have been 
undertaken in order to establish these expected analytic properties of 
those L-functions. The recent progress includes the work of Arthur 


Art 13 ])for the case when n has a global generic A rthur parameter, 


and al so include s the Langla nds-Shahidi method in [ShalOj], a nd the 


work ( [GJRS11 ] and Shel3j |) for general 7T. As discussed in f (.TialdJ. 
Section 8]), it is not hard to check that the location of the poles of the 
L-functions L(s, i rxr) and the relevant theory to interpret the meaning 
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of the poles in the theory of automorphic representations are essentially 
to detect the occurrence of the simple global Arthur parameter (r, b) 
in the global Arthur parameter ifr of 7r. 

In this paper, we consider a special subfamily of those L-functions, 
that is, the L-functions L(s,tt x y) with y being order at most 2 
characters of F X \A X . There are three different types of global zeta 
integrals, which rep resents this family of L-functions. The doubling 
method is given in jGPSR87j ] by Piatetski-Shapiro and Rallis, which 
is regarded as the natural generalization of the method of Ta te and o f 


Go dement-Jacquet. In their new way to get culer product in PSR88 


Piatetski-Shapiro and Rallis use an idea based on the property that 
cuspidal automorphic representations are non-singular. The theory 
of non-singular automorphic forms has been established through the 
work of Howe fo r sym plectic groups ( jHow8lj ]) and of Li for general 
classical groups ( jLi92 |). The third method was outlined in jGJRSll 


uses the Fourier-Jacobi coefficients of cuspidal automorphic forms. The 
idea is based on the extension of the Bernstein-Zelevinsky derivatives 
from general linear group to classical groups, which has now been used 
to produce th e au tomorphic descent method of Ginzburg, Rallis and 
Soudry in jGRSllj . 

When this family of L-functions were represented by the doubling 
zeta integrals, the poles of the L-functions is closely related to the theta 
correspondences from symplectic groups to the towers of orthogonal 
groups via the regularized Siegel-Weil formula of Kuclla and Rallis and 
the Rallis inner product formula ( IKR94 j). A complete theory using the 
values or poles of the L-functions L(s, tt x y) to detect the local-global 
relation of the theta correspondences, which was initiated through a 
serics_of work of Rallis, has been given in recent papers of Yarnana in 
Yaml4 | and of Gan, Qiu and Takeda in [GQT14 |. We refer to |GQT14 


for the complete story of the theory and the relevant references in the 
topic. 

The objective of this paper is to introduce a new family of period inte¬ 
grals attached to the cuspidal automorphic representation tt of Sp 2n (A) 
and to investigate the relation between the non-vanishing of such pe¬ 
riods and the poles of the L-functions L(s, tt x y). Hence as discussed 


m 


|jia!4 |. we obtain the relation between the non-vanishing of such 


periods attached to n and the occurrence of the simple global Arthur 
parameter (y, b ) in the global Arthur parameter ijr of tt. The argu¬ 
ments presented in this pape r is based on two lines of ideas. One 
is the work of Mceglin f (Moeg97a |h which gives a characterization of 
the first occurrence of the irreducible cuspidal automorphic represen¬ 
tation tt of Sp 2n (A) in the tower of orthogonal groups in terms of 
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the right-most pole of the Eisenstein series E(g, (P x ® n , s) built from 
(t, x) f° r some order-two character x °f F X \A X . Although the L- 
function L(s, n x x) appears in the constant term of the Eisenstein 
series E(g, s ), it is easy to deduce that the existence of the poles 
of the partial L-function L s (s,n x x) implies that of the poles of the 
Eisenstein series E(g, 0 x<g)7r , s ) in the corresponding location. However, 
it is not known in general whether the existence the poles of the Eisen¬ 
stein series E(g, </> x(gl7r , s ) implies that the poles of the partial L-function 
L s (s , 7T xy) in the corresponding location. It remains a hard problem to 
normalize properly the local intertwining operators involving cuspidal 
automorphic representations with non-generic_global Arthur parame¬ 
ters. Another idea is to extend the work of GJS09J to the current case 
for symplectic groups. As indicated in our previous work f] jjW14aj ]h 
the periods introduced here for symplectic groups will be more com¬ 
plicated than those considered in 
groups considered in JW14a 


0.18091 ]. and also those for unitary 


It is worthwhile mentioning that the periods considered in {GJS09 


have been used in a recent work of Bergeron, Millson and Mceglin on 
Hodge type theorems for arithmetic manifolds associated to orthogo¬ 
nal groups ([BMM12]). It is expected that similar applications will 


be found for the periods studied in |.TW14a ] and • l\\ I lb for uni 


tary groups and those investigated in this paper for symplectic groups 
( [BMM14I ] and jHH12l 


The paper is organized as follows. 


2. Poles of Certain Eisenstein Series 

We follow the line of ideas of Mceglin in Mceg97al ] to determine the 
poles of the family of Eisenstein series involved in the theory, which will 
be a base for arguments in the late sections. We introduce notations 
and state relevant results with proofs for convenience. 


2.1. Notation and the Basic Setting. Let F be a number held and 
A = Ap its ring of adeles. Fix a non-trivial additive character ipp of 
F\ A. We will write ip for ipp where there is no ambiguity. Note that 
ip is also used for global Arthur parameters as in the Introduction, 
and we will keep using it if necessary. Let X be a non-degenerate 
symplectic space over F of even dimension m. The symplectic pairing 
is denoted by ( > )x■ Let % a denote a-copies of the hyperbolic plane. 
Let ef ,..., e+, e]f,..., e~ be the basis for %„ such that 

(G + > ej)ua = Sij and (e+, e+) Ha = (e^, ej) Ha = 0, 
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for i,j = 1,..., a, where is the Kronecker delta. Let £+ (resp. l a ) 
be the span of e+’s (resp. e^’s). Then H a Las the polarisation 


Let X„ = X _L H a be the (m + 2a)-dimensional symplectic space. Let 
G(X a ) be the isometry group which acts on the right on X a . Let Q a = 
Q Xa be the parabolic subgroup of G(X a ) that stabilises the isotropic 
subspace £~. Let M a be its Levi subgroup and N a its unipotent radical. 
Then 


M a ^ GL a x G(X). 

With respect to the ‘basis’ for x G GL a and h G G(X), we 

set m(x, h) to be the element 



h 



e M a 


where x* G GL a is determined by x via the pairing of and t~. An 
element in G(A") will be naturally regarded as an element of G(A" a ). 
Fix a good maximal compact subgroup K a = K Xa of G(A" a )(A) such 
that the Iwasawa decomposition holds: 


G(X a ){A) = Q a (A)K a 


For a non-degenerate subspace Z of X, set Z a to be the subspace 
Z _L Ha of X a . Let Y be a non-degenerate quadratic space over F 
with symmetric bilinear form ( > )y- Similarly we form the extended 
quadratic space Y a = Y _L % a where Ha becomes a split quadratic 
space. However Y 0 will always denote the anisotropic kernel of Y. The 
isometry group G(Y a ) is considered to act on the left of Y a . As in 
KR94 0.7)], let xy be the character of F x \ A x given by 

Xy(o) — (a, (—l) dimy(dimr ~ 1 */ 2 d et( , ) r ), 

where ( , ) is the Hilbert symbol. Thus x.y = Xr a f° r all a G Z> 0 . 

Next we introduce some notation for use in the ‘doubling method’. 
Let X' be the symplectic space with the same underlying space as X 
but with symplectic form 


( , )x> = -{, )X'■ 

We will naturally identify G(X') with G(X). Let W be the doubled 
space X _L X'. Then W has the polarisation X A © X v where 

X A = {(x, x) G W\x G X} and X v = {(x, -x) G W\x G X}. 

Also form the extended space W a and let 

l = l 1 xl 2 : G(X a ) x G(X') —> G(W a ) 
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denote the natural inclusion map. Then W a has the polarisation 
W a = (X a ®£+)® (X v ®£~). 

Let P a denote the Siegel parabolic subgroup of G(W a ) that stabilises 

A' v e<-. 


2.2. Poles of Certain Eisenstein Series. We follow mostly the no¬ 
tation of |Art78| . The results in this section are not new. They are 
included for fixing notation and for completeness. We refer the readers 
to Mceg97al | for details. See also |jW14al |. Consider the Eisenstein 
series on G(X a ) associated to the parabolic subgroup Q a . Since Q a is 
a maximal parabolic subgroup, the space aq a is one-dimensional. We 
identify C with ag a c via the Shahidi normalisation: 


SMS 


,m + a + 1 x 


) PQa 


where pQ a is the half sum of the positive roots in N a . As a result we 
sometimes regard pQ a as the number (m + a + l)/2. 

Let H a be the homomorphism M a (A) — > a.Q a such that for all m G 
M a ( A) and £ G dg a we have 


exp((if o (m),0) = n 

V 


Explicitly 

exp ((H a (m(x,h)),s)) = |det(x)|^, 

for x G GL a (A) and h G G(X)(A). We extend H a to a function of 
G(W a )(A) via the Iwasawa decomposition. 

Let x be a quadratic character of F x \ A x and a G A CU sp(C(X)), the 
set of all equivalence classes of irreducible cuspidal automorphic rep¬ 
resentations of G(X)(A). Denote by A a (s,x, cr) the space of smooth 
C-valued functions / on N a (A)M a (F) \ G(X a )(A) that satisfy the fol¬ 
lowing properties: 

(1) / is right A' a -finite: 

(2) for any x G GL a (A) and g G G(A" a )(A), we have 

f(m(x, I x )g) = x(det(x))| det(x)|l +PQa /(c/); 

(3) for any fixed k G K a , the function on G(X)(A) given by 

h i y h)k) 

is a smooth right K a D G(W)(A)-hnite vector in the space of a. 
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For / G Ai(0, x, a) and s G C, we get a section f s of *4. a (s, x, &) given 
by 


/«(s) := exp((# o 0),s))/(», 

which can be identified with a smooth section in Ind^^ ^xl |1 ® cr. 
Form the Eisenstein series: 


E Q ~h,sJ)= Y fails)- 

76 Qa(E)\G(X a )(E) 


By Langlands’ theory of Eisenstein series, this is absolutely convergent 
for Re s > pQ a and has meromorphic continuation to the whole s-plane 
with finitely many poles in the half plane Res > 0, which are all real 
in our case. Let V a (cr , x) denote the set of positive poles of E Qa (g, s, /) 
for / running over ^4 a (0, x, cr). The number s 0 > 0 lies in V a (cr,x ) if 
and only if for some / G *A a (0, X, cr), the Eisenstein series E Qa (g, s, f ) 
has a pole at s = s 0 . 


Proposition 2.1. Assume that V\ (a, x) is non-empty and let so be its 
maximal member. Then for all integers a > 1, s = so + |(a — 1) lies 
in V a (cr, x) and is its maximal member. 


Proof. The proof for the unitary case 
word for word. 


.1W 11a. Prop. 


2 .1] goes through 

□ 


Proposition 2.2. Assume that the partial L-function L s (s, a x x) has 
a pole at s = sq > \ and that it is holomorphic for Res > so- Then 
for all integers a > 1, s = s 0 + |(a — 1) G V a (a, x). 

Proof. Since we consider the maximal (or the right-most) pole of the 
partial L-function, it is enough to consider the poles of the inter¬ 
twining operator M (s, w 0 ) where w 0 is the longest Weyl element in 
Q a \ G(X a )/Q a . By the Gindikin-Karpelevich formula, we find the 
normalising factor to be 


tt L 5 (s - |(a - 1) + j - 1, cr x x) 
Ma LS ( S - H a - !) + L o’ x X) 
tt ( S (2s — (a — 1) + i + j — 2) 

iJJL C 5 (2s-(a-l) + * + j-l) 
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where ( s are partial Dedekind zeta functions. This can be simplified 
to I\ ■ J 2 with 


h = 
h = 


L s (s - \(a - l),a x \) _ 
L s (s + Ua + 1),(7 x xY 


n 

1 <j<a 


( s (2s - (a - 1) + j - 1) 
( s (2s — (a — 1) + 2j — 2)' 


There is an extraneous factor in the proof of |Mceg97al . Remarque 2] 
which should be absorbed into the Rankin-Selberg L-function. 

At s — So + §(a — 1), the numerator of I\ has a pole and the denom¬ 
inator of I\ does not have a pole; the numerator of J 2 does not vanish 
and the denominator of J 2 does not have a pole. Thus we conclude 
that s 0 + |(a - 1) G V a (a, x)- □ 


Next we relate the Eisenstein series EQ a (s, g, f) on G(X a ) to the 
Siegel Eisenstein series on the ‘doubled group’ G{W a ). 


Proposition 2.3. Let F s be a Kw a -finite section of Ind^|^“ (A ^x| Ia 
and (p e a. Define a function F^^ga) on G(X a )( A) by 


(2.1) F ( f >iS (g a ) — f F a (t(g a ,g))<j>(g)dg. 

Jg(X)( A) 

Then the following hold. 

(1) It is absolutely convergent for Res > {m + a + l)/2 and has 
meromorphic continuation to the whole s-plane; 

(2) It is a section of A a (s,Xi a ) an d 

(3) We have 


(2.2) / E Pa (ifg a ,g),s,W s )(J)(g)dg = E Qa (g a , s, F^ s ). 

J[G(X)] 

Proof. Formally we have 

F^s(g a )= Y] ^s{i(g a ,'yg))(l>{g)dg. 

■I[G(X)\ ieG ( X )(F) 

Since i 2 (G(A")(F)) D P a (F ) is trivial we have an embedding 
G(X)(F)^P a (F)\G(W a )(F). 

Thus the sum above is a partial sum of an Eisenstein series, which 
is absolutely convergent for Res > pp a = (m + a + l)/2. Since is 
cuspidal, the integral defining F ( ^ s is absolutely convergent for Res > 
(m + a + l)/2. 
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Now we check if F^ s (g a ) is a section of A a (s, x, cr). Since Li(NQ a (A)) 
is a subset of N Pa ( A), F^ s is left invariant under Nq a (A). For t a G 
GL a (F), we have Li(m(t a , 1)) G M Pa (F ) and hence F^ )S is left invariant 
under the factor of Mq a {F) that is isomorphic to GL a (F). Let h be an 
element in the subgroup G(W)(A) of MQ a (A). Noting that t(h,h) G 
P a (A), We have 


F(f>,s{)^9a) 


'G(X)( A) 


F s^(hg a , g))(/>(g)dg 


'G(X)( A) 


F s (t(h,h)t(g a ,h g))cj)(g)dg 


= / F s (t(g a ,h g))<j>(g)dg 

Jg(x)(a) 

= / ^ s (t(ga,g))H h g)dg- 

J G(X) (A) 

Thus h ha F<y s (hg a ) is in the space of a. 

For meromorphic continuation, it suffices to check for h lying in the 
subgroup G(X)(A) of Mg a (A) if F^^^h) has meromorphic continuation, 
or equivalently, if for all £ G cr, the inner product of Fa Jry v im and £ 
has meromorphic continuation. By the basic identity in [GPSR871 ]. we 
have 


'[G(X)] 


Ft, s {h)£{h)dh = 


/ / ^s{^,g))(t>{hg)i{h)dgdh 

'[<?(*)] JG(X)( A) 

/ E p (L(h,g),s,¥ s )(j)(g)£(h)dgdh 

l[G(X)xG{X)\ 


where E p is an Eisenstein series on G{W) associated to the Siegel 

parabolic P and where we regard F s as a section of Indp|^^ l ' A ' l y| |2 +2<i 
via restriction. Then meromorphic continuation follows from that of 
Eisenstein series. □ 


We summarise from |lke92 . Ike96b . KR90l. KR94 
possible poles of the Siegel Eisenstein series. 


the location of 


Proposition 2.4. The poles with Res > 0 of E Pa (g, s, F s ) are at most 
simple and are contained in the set 

Z m +a(x) = {^( m + a + 1) - j\j G Z, 0 < j < ^(m + a + 1)} 

if x ~f~ 1 / and in the set 

S m+a (x) = {^(m + a + 1) - j\j G Z, 0 < j < ^(m + a + 1)} 
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ifx = !■ 


We note the following lemma whose proof is completely analogous 
to those in JW14al . Lemma 2.6]. See also |GJS09l lMoeg97al . 


Lemma 2.5. Let so be the maximal element in Vi(a,x)- Then for a 
large enough, there exists a section of A a {s, x, cr) of the form F^ )S as in 
(12.ip such that E® a (g, s , F^f) has a pole at s = s 0 + |(a — 1). 

This leads to the following: 


Proposition 2.6. If Sq is the maximal element in V\ (cr, x); then So = 
+ 2) — j for some integer j with 0 < j < |(m + 2). It takes the 
value | (m + 2) only when x — 1 and a is the trivial representation. 

Proof. Assume that So is the maximal element in V\(a,x), then So + 
|(a — 1) belongs to V a (cr , x) by Prop. 12.11 Thus there exists a section 
of *4 a (s,x, a) of the form (12. ip such that E® a (g, s, F^ >s ) has a pole 
at s = So + k (a — 1). Then from (12.21) . this must lie in S m+a (y). 
Thus So must be of the form - (rn + 2) — j for some integer j with 
0 < j < \{m + 2 ). 

The Siegel Eisenstein series E p " can have a pole at s = \{m + a + 1) 
only when x = 1- I 11 this case, the space of the residues of E Pa at 
s = |(m + a + 1) is the trivial representation. By (12.21) . to produce a 
non-vanishing residue for E® a (g, s, F^ s ) at s — |(m + a + 1), a has to 
be the trivial representation. □ 


2.3. First Occurrence of Theta Correspondence. We recall that 
X is a symplectic space and that Y is a quadratic space. We have 
the space of Schwartz functions on a maximal isotropic subspace of 
(Y ® F X)(A). When we do not want to emphasise which maximal 
isotropic subspace is used, we write (Y ® A") + for a maximal isotropic 
subspace and denote by Sx,y( A) the space of Schwartz functions on 
(y g) A") + (A). The local version is denoted by Sx,y(F v ) at a local place 
v of F. Since in this paper Y has even dimension we do not need to 
consider the metaplectic cover of G(A)(A). The Weil representation 
°f G r (A")(A) x G(y)(A) can be realised on the Schrodinger mode l 
>Sx,y(A). The explicit formulae can be found, for example, in |lke96a . 

For <f> G Sx,y{ A), g £ G(A)(A) and h G G(y)(A), we form the theta 
series 

Oij>,x,Y(g, h, $) := ^ <^ijj, X ,Y{gi h)${w). 

we{Y®X)+{F) 
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Let a G M cusp (G(A")). For 0 G a and $ G iS\',y(A), define 

:= / e^ x ,Y(g,h,^)<j>(g)dg. 

J[G(X)] 

Then the theta lift d^ x (a) of a from G(X) to G(Y) is defined to be 
the span of all such 6^ x (h, 0, $)’s. We note that if Y trivial, then the 
Weil representation is one-dimensional trivial representation and the 
theta series reduces to a constant function of G(X)(A). 

The first occurrence FO^, (a) of a in the Witt tower of Y is defined 
to be the smallest number dim Y' such that 9^' (a) is non-zero for Y' 
running through the spaces that are in the Witt tower of Y. Fix a 
quadratic character y. Then we define the lowest occurrence of a with 
respect to x as follows: 

LO h,xO) = min{FOj((r)}, 

where Y runs over all non-degenerate quadratic spaces with xy = X 
and dim Y = 0 (mod 2). 

With this setup we can state our theorems. 


Theorem 2.7. Let a G *4. cusp (G(X)) and so be the maximal element 
in V\{(7,x)- Then 

(1) so = -^(m + 2) — j for some integer j such that 

0<j<^(m + 2)-j 

and j can take the value 0 exactly when x — 1 an d cr is the 
trivial representation; 

(2) LO^ iX (<t) < 2 j; and 

(3) 2 j > r‘x where rx = y is the Witt index of X. 


Proof. The first part is just Prop. 12.61 For the second part we make 
use of the Siegel-Weil formula. Most of the ingredie nts ca n be found 
Part of the theorem was proved in }Mceg97a 


from KR94 


See also 


JW14a]. We give only full details for the part that is new. 


Assume that So = + 2) — j is the maximal element in Vi(a, y). 

Then by Prop. I27T1 and (12.21 ) we find that So + |(a — 1) G Va(cr, y). Thus 
there exists a section of A a (a, y) of the form F^ s as in (12.11) such that 
E® a (s, g, Ffa) has a pole at s = so + |(n — 1). Taking a large so that 
dim Y < m + a + 1, since the residue of the Siegel Eisenstein series is 
square-integrable, we get from the Siegel-Weil formula |KR94 . IchQ 1 1: 


res s=S0+ i { a_ 1) E Pa (i(g a ,g),s,F s ) = V c Y 9^(t(g a , g), h,u}^(a Y )^ Y )dh 

Y :dim Y=2j ^ [G(Y)] 

XY=X 
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where aiy is some element in the local Hecke algebra of G(W a ) at a 
good place that is used to regularise the integral, cy is some non¬ 
zero constant determined by ay and <Fy is some K Wa -ftmte Schwartz 
function in «Siy ai y(A). By integrating both sides over [G(A)] against 
<j>(g), we obtain that the left-hand side then becomes the residue at 
s = so + |(a — 1) of E® a (g a , s, F^ s). As this is non-zero, at least one 
term on the right-hand side is non-zero. In other words there exists a 
quadratic space Y of dimension 2j and character y such that 


/ / e^(L(g a ,g),h,u i ,(a Y )$Y)(l)(g)dhdg ^0. 

J[G{X)) J[G(Y)} 

We may assume that oj$(a. Y )$>y = <3?^ (8) <A> { y for <hy' ) G 5x a ,y(A) and 

/o') 

<3>y g «Sx,y(A). Then after separating variable we get 


0^,x a ,y(g a , h, $y ) )6*^,y(^, h, <F ( y’)(j)(g)dhdg 


( 2 )> 


'[G(A')] J[G(Y)} 


( 1 )> 


W)] 


6^,X a ,Y{dai h, Ty 


,x,v(g > K 2) )(f(g)dgdh. 


'[GpQ] 


Thus the inner integral which is exactly the theta lift of 0 G cr to G(Y) 
is non-vanishing. This concludes the proof of the second part. 

For the third part, assume that the lowest occurrence is realised in 
the Witt tower of Y so that FO^,(cr) = 2 j' for some f < j. We may 
assume dim Y = 2 j'. Let 7r = Oy x{ a )- Then it is cuspidal as this is 
the first occurrence. It is irreduceable by |Mceg97bl . Theoreme]. It_is 
known that FO^-i y (7r) < 4 f. By the involutive property in Mceg97b 
we have 

^-yyO) = QX-±, y {01, x {p)) = <*. 

Thus m < Aj 1 < Aj. □ 


Theorem 2.8. Let a G ^4 cusp (G(A")) and so be the maximal element 
in "Pi (cr, x)- Then the following hold. 

(1) Assume that the partial L-function L s (s,cr x x) has a pole at 
s — \(m + 2) — j > 0. Then LO</, )X (cr) < 2 j. 

(2) //LO^ iX (cr) = 2 j <m + 2, then L s (s, a x x) is holomorphic for 
Res > |(m + 2) — j. 

(3) //LO^ iX (cr) =2 j >m + 2, then L s (s,a X x) is holomorphic for 
Res > 4. 

Proof. This theorem is a consequence of Thm. 12.71 and Prop. 12.21 As¬ 
sume that L s (s,a x x) has a P°l c at s = |(m + 2) — j > 0. Let 
\{m + 2) — j ' be its maximal pole. Then s = \{m + 2) — j' is a pole of 
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the Eisenstein series E® 1 . Let \{m + 2) — j" be the maximal element 
of Vi(cr, x)- We have j" < j' < j. By Thm. 12.71 the lowest occurrence 
LOy,x( a ) < 2 j" < 2 j. 

Assume that LO^, iX (cr) = 2 j < m + 2 and L s (s,cr x x) is not holo- 
morphic for Res > |(m + 2) — j. This means that L s (s,a x x) has 
a pole at s = |(m + 2) — j 0 for some j 0 < j. Part (1) implies that 
LOi/, :X (cr) < 2j 0 which is strictly less than 2 j. We get a contradiction. 

Assume that L s (s,cr x x) is not holomorphic for Res > Then 
L s (s, a x x) l ias a pole at s = \{m + 2) — j 0 f° r some jo < |(m + 1). 
Then from Part (1), we get that LO<y x (oj < 2j 0 < m + 1. □ 


3. Periods and Main Results 


As discussed in previous section, for a G A cusp (G(A")), the first oc¬ 
currence of cr under the theta correspondence to the orthogonal group 
is irreducible and cuspidal. By the theory of Li on the non-singularity 
of cuspidal automorphic representations ( |Li92 |). we are able to find at 
least one non-zero Fourier coefficient associated to the non-singularity 
for the first occurrence of a under the theta correspondence. An ex¬ 
plicit calculation of such a Fourier coefficient leads to our definition of 
a new family of period integrals on cr. Note that the period integrals 
are similar to what we defined in |jW14a 
from what introduced in [GJS09I ]. 


However they are different 


Definition 3.1. Let G be a reductive group and J be a subgroup of 
G. Let Ti be an automorphic representation of G. For / G 7r, if the 
period integral 

(3-1) [ f(g)dg. 

J[j] 

is absolutely convergent and non-vanishing, then we say that / is J- 
distinguished. Assume that for all / G a, the period integral is ab¬ 
solutely convergent. Then we say a is J-distinguished if there exists 
/ G a such that / is J-distinguished. 


3.1. Fourier Coefficients and Periods. Let ©y,A',y 0 denote the space 
of theta functions ^ATo(')l)^) for <f> running over d>x,y 0 (A). Let Z' 
be a non-degenerate subspace of X of codimension d. Let Z" be an 
isotropic subspace of Z' of dimension a. Let J C *(Z") denote the sub¬ 
group of G(Z') that fixes Z" element-wise. If x\,... ,Xk span Z', we 
also write J^(x i,..., Xk) for J^(Span{a:i,..., £&}). Sometimes We will 
suppress the dependency on Z". The group Jq is understood to be 
G(Z'). The Levi of J^ is G(Z) for some non-degenerate subspace Z of 
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X of codimension d — 2a. There are many subgroups of G(X ) of the 
form Jf. With this setup we have the following. 

Proposition 3.2. Let a G *4. cusp (G(A")) and Y 0 a (possibly trivial) 
anisotropic quadratic space. Assume that 

FO^V) = dim Y 0 + 2r 

with r < dim A" and that the first occurrence is realised by Y. Let 
e r = r% 2. Then the following hold. 

(1) At least for one Jfifi er , cr © @p,A',y 0 -distinguished. 

(2) For all Jf with d even such that d < r and 0 < a < min{r — 
d — 1, |(dim A" — d)}, a © 0p ; x,y o is not Jf-distinguished. 

Proof. Since 0 is a cuspidal automorphic form and the theta series is 
of moderate growth, the whole integrand is rapidly decreasing on the 
Siegel domain of G(X). It can be seen that the Siegel domain of G(Z) 
is contained some Siegel domain of G(A"). Thus the period integrals 
are all absolutely convergent. 

Let Y_ b be a subspace of Y with b copies of hyperbolic planes re¬ 
moved. Consider the theta lift of a to Y_ b for 0 < b < r. We need to 
use the mixed model for the Weil representation. Let X = X + © X 
be a polarisation. Let Y_ b = Yfi h © Y 0 © Yp b with Yfi b and Yp b be¬ 
ing dual maximal isotropic subspaces of Y_ b . The space Yfi b © YZ b 
is a split quadratic space. Then the Schwartz space is realised on 
(Yp b © A" © Y 0 © A^ + )(A). Let N be the unipotent radical of the par¬ 
abolic subgroup of G(YL b ) that stabilises Yfi h and let N' consist of 
elements of N that acts as identity on Y 0 . Then N' can be identified 
with Alt. r _b, the space of skew-matrices of size (r — b) x (r — b). Given 
f3 G Alt r _b we let n(/3) denote the corresponding element in N'. We 
also view (3 as an element in Horrip(W 6 , W^)- 

Fix an even number d such that 0 < d < r. Let Co G Alt^ of rank d. 
For 0 < a < r — d, set c G Alt a +d(F) to be 



Define an additive character for skew-symmetric matrices 


tW) = ^(tr(^c)). 
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Set b = r — a — d. Then the c-th Fourier coefficient of the theta lift of 
(f) to G(Y_ b ) is given by 


'[IV'] J[G(X)] 


4>{9)^,x,Y- b (g, nh, ^)ipc(p)dgdn 


(3.2) 


/ / </>(g)y2ui, t x i Y_ i (g,nh)$(x,w)iJ) e (P)dgdn 

'm J[G{x)\ 


with n = n(/3) and x and w running over YZ h <8> X and Yq <S> X + 
respectively. 

In the mixed model we have Kud96l . Lemma 4,2] 


Ui’,x,Y_ b (l,n(f3))$(u,v, w) = i/j((f3u,v))$(u,v,w) 


where u G (' Y_ b <g) A" + )(A), v G ( Y_ b ® X )(A) and w G {Yq ® X + )(K). 
We note that /3 sends u to ( Y+ b (8) A" + )(A). It should be noted that 


((3u, v) = /3u\j 

once we use the dual bases for X ± and Y± b respectively to write f3, 
u and v as matrices. Thus the integration over [N'] vanishes unless 
u\> = c where x = (u,v). This requirement implies that 


x 




x x = 2c 


where I is of size dim X + x dim A + and by abuse of language we say 
x represents 2c. 

Fix Xq G X d that represents Cq. Let Z' be the orthogonal complement 
of the span of rows of x 0 in X. Consider the (S'(A)-orbits of set of 
elements x G X a+d that represent c. Thus we find that (13.211 is equal 
to 


n CL 

/ «»)EE 

J\am] ... 


1=0 Xi) 




*r 7 eJf{xY)\G{X) 


y!%v,E t ( 9 i h )®( 



7 ,w)dg 
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where X\ runs over orbit representatives of X a /G(X) that are of rank 
i and whose rows span an isotropic subspace of Z'. This is equal to 


/ <^)EE E E^AdO^T g,h)${ 

[G(X)1 i=0 -yeJt(x^)\G(X) w 


X 


EE 


X (i) ) ,w)dg 


, H9'g)y2^,x,Y- b (g'g,h)§(( X ( ° ) ,w)dg’dg 

*)\i — \Xi / 


“ “ 9jf{x^)(A)\G(X)( A) J[Jf(x^)] 


(3.3) 


EE / / 

i =0 (0 9jt(x^){A)\G(X)(A)J[jf(x^)] 


(p{g'g)9^,x,Y 0 (g', 1 ,^,x,Y_ b (g, d) , • ))dg'dg , 


x 0 


Xi 


Since the theta lift of a to Y_ h vanishes for b > 0, the above sum 
vanishes. Now we further assume that a < dim Z'/2. If a = 0, the 
above sum has only one term. We conclude that 


/ <t>{g')Qii>,x,Y 0 {g', i) ^)dg' 

AA^h 

must vanish for all choice of data. Otherwise it is easy to see we can 
choose some <h G Sx.y_ b (A) that extends T G Sx,y 0 ( A) so that the 
outer integration does not vanish. Here, in fact, xj 0) is the 0 element 
in the 0-dimensional space A" 0 . Assume that for all i < a, 


/ ,, <t>{g')0^,x,Y O (g'A,^)dg' 

AJf(4 %) )] 

vanishes for all choice of data. The elements in X a that are of rank 
a and whose rows span an isotropic subspace of G(Z') form one orbit 
under action of G(X). Thus by induction we find from (13.3ft that 


I jf(x^){A)\G(X)(A) 



4 > (g'g)9^,x,Y 0 {g\ i,u^ yX y_ b (g, h)<&( 



vanishes. The inner integral 


/ , , (p(g'W^,x,Y 0 (g'A,^)dg' 

■hA(4 a) )] 

must vanish for all choice of data. Otherwise we can construct some 
G Sx,Y_ b {&) that extends T G Sx,y 0 (A) so that the outer integration 
does not vanish. 

Similar to the above we consider the theta lift of a to Y. Take 
d = r — e r and a = e r . For r even and hence a = 0, by the Main 
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Theorem of Li92] we get non-vanishing of 

/ / g)Oii>,x,Y 0 (g', l,u^ x ,Y(g,h)®(x 0 , -))dg'dg 

J J${A)\G(X)(A) J[j$] 

for some choice of data. Thus the inner integral of the form 

[ 0(5 ,, )^V’,Y,Yo(5 ,/ ; 1; ^)dg' 

} 

does not vanish for some choice of data. For r odd and hence a = 1, 
by the Main Theorem of Li92] we get non-vanishing of 


ljd(A)\G(X)(A) J[jd] 


<P{9'g)^,x,Yo(g'i J n ° ) ,-))dg'dg 


+ 


I J?(A)\G(X)(A) J[jf] 


<f>(g'9)^,x,Yo(g', 1 ,^,x,y(9, fr)$(( (i) , -))dg'dg 


Xq 


X, 


for some choice of data. As the first term vanishes by (2), we get 
non-vanishing of the second term. Thus the inner integral of the form 

4>{g')di/;,x,Y 0 (g', i, 'f' )dg '. 


J[jf] 

does not vanish for some choice of data. 


□ 


Remark 3.3. If Yq = {0} then the theta series reduces to a constant. 


Compare with Prop. 5.2 in |GJS09 |. When r = 0 the period integral is 


just the integral for theta lift of a to G(Y 0 ). In fact the above integrals 
can be replaced by 



(p(g)6^,z',Y 0 (gA,$)dg 


where <P € iSz',y 0 (A). 


Proposition 3.4. (1) Assume that a <8) 0^,A',y o is J$-distinguished 

for one Jf and that for all e < d, it is not Jq- distinguished nor 
J\-distinguished. Then FO^jf = dim Y 0 + 2d. 

(2) Assume that cr <g) @,y is Jf-distinguished for one Jf and that 
for all e < d, it is not Jf +2 -distinguished nor J\-distinguished. 
Then FOf = dim Y 0 + 2(d + 1) / 

Proof. We prove part (1). From the proof of Prop. 13.21 we see that cr<8> 
@y,v,y 0 being ./q- distinguished implies that a certain Fourier coefficient 
of the theta lift of a to Yo,d is non-vanishing. Thus FO^° (a) — dim Yq > 
2d. Assume that the first occurrence is realised by Yq^ for some b < d. 
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Then Prop. 13.21 implied that cr<g> Q^_x,y 0 is Jo-distinguished if b is even 
or j \~ 1 -distinguished if b is odd. Assume that b is even. Then by our 
assumption we have b > d. Thus b = d. Assume that b is odd. Then 
by our assumption we have b — 1 > d. This is not possible. 

Now we prove part (2). Our assumptions that a <£) © ^ t x,Y 0 being 
Jf-distinguished and but not Jq- distinguished coupled with the proof 
of Prop. 13.21 implies that a certain Fourier coefficient of the theta lift 
of a to lo,d+i is non-vanishing. Thus FO^°(cr) — dim T 0 > 2 (d + 1). 
Assume that the first occurrence is realised by Y oh for some b < d + 1. 
Then Prop. 13.21 implied that cr< g) ©y,x,y 0 i s Jo-distinguished if b is even 
or j \~ 1 -distinguished if b is odd. Assume that b is even. Then by our 
assumption we have b — 2 > d. This is not possible. Assume that b is 
odd. Then by our assumption we have b — 1 > d. Thus b = d + 1. □ 

3.2. Periods of Truncated Eisenstein Series and Residues. First 
we state our result on the relation between first occurrence and certain 
theta-twisted period of residue of Eisenstein series. The proofs hinge 
on Prop. 14.11 whose proof occupies Sec. |HJ 

Theorem 3.5. Let a G A cusp ((J(X)) and let Y 0 be a (possibly trivial) 
anisotropic quadratic space. Assume one of the following. 

(1) a ® Q,/j.x,y 0 is Jq- distinguished but not J p -2 -distinguished nor 

-distinguished. Then let s Q = |(dim X — (dim Y 0 + 2d) + 2). 

(2) a ® ©^A'.yo i s Jf-distinguished but not Jf-distinguished nor 
J^ 2 -distinguished. Then let so = |(dim A — (dim Y 0 + 2d + 

4) + 2). 

Then s 0 is a simple pole of E® 1 ^, g, f s ) for some f s G Ai(yv 0 ,cr). 

Proof. This is a consequence of Prop. 14.11 The intertwining operator 
M(w, s ) must have a pole at s = s 0 . Indeed, assume otherwise. Then 
the formula in Prop. ITT! shows that the truncated Eisenstein series has 
a pole at s = s 0 . Thus the Eisenstein series also has a pole at s = s 0 
and we get a contradiction. As the intertwining operator M(w,s ) has 
a pole at s = So, the Eisenstein series E® 1 must have a pole there. □ 

Let S So (g, f s ) denote the residue of E^(g, s, f s ) at s = sq. We have a 
finer theorem below after assuming that So = | (dim AT— dimT+2) > 0. 

Theorem 3.6. Let a be an irreducible automorphic representation of 
G(X) and Y 0 a (possibly trivial) anisotropic quadratic space. Assume 
that FO^,° = dim T 0 + 2r and that the first occurrence is realised by Y. 
Let So = |(dim X — dim Y + 2). Assume further that so > 0. Then 
(1) so is a simple pole in V\{a,XY 0 )i 
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(2) for some non-degenerate subspace Z of X of dimension dim A" — 
r, f s E Ai(xy 0 ,a) and Schwartz function $ E iSx 1 ,r 0 (A) 

(3-4) £ so (g, f s )9^ jXl ,Y 0 (gAi®) 

is G(Z 1 )-distinguished. 

(3) for 0 < Si ^ s 0 , 

(3-5) S Sl (gJ s )6^x,Y 0 {gA,®) 

cannot be G(Z 1 )-distinguished for any choice of non-degenerate 
subspace Z of X of dimension dimX — r, f s E Ai(xy 0 ,°') an d 
Schwartz function $ E 5v 1 ,y 0 (A). 


Proof. Assuming Prop. 14.11 we can compute the period as in (I3.4j) and 
(13.51) . We will avail ourselves with the notation introduced in Sec. [H 
Let Si E V\ (a, Xy 0 )- Since the constant term £ S i,Qi(g, fs) is equal to 

res s=Sl (M(s,w)f s (g)) 

the truncated residue is given by 

a “£,,(9,/,)=£„ (9,/,)- v £ n Mjg,f,)nnhg)) 

7GQi\G(A' 1 ) 

=£s 1 (gjs)~ Tes s=s 1 {M(s,w)f s (xg))r c (H(xg)) 

7GQi\G(Ai) 

=:S sl (gJ s )-e c (g). 


The period 


'[G(Z i)] 


d c (g)d^ } x 1 ,Yo(gj l> ®)dg 


is absolutely convergent when Res and the truncation parameter are 
sufficiently large and is equal to res s=si l£(s). Thus we find that 


/ ^s 1 (g,fs)^, Xl ,Y 0 (gA,^)dg 

RG(Zi)] 


'[G(Z!)] 


(A c S sl (g, f s ) + 6 c (g))9^ tXl ,Yo(.g, !, ®) d g 


=res S=ai (l{{s) - / 2 c (s)) + res s=si J 2 (s) 
=res s=Sl /i(s). 


Hence when si ^ |(dimX — dim Y + 2), the period (j3.4[) vanishes; 
when si = 4(dim A — dim Y + 2), the period (13.41) is equal to 

(3.6) [ [ fs{hk)6^ X y 0 {h, l^ k )dhdk 

Jk Zi J[g(z)] 
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where G <Sx : y 0 (A) is defined to be OA/,,Xi,y 0 (&:, l)d>(0, •). We note 
that we pick the maximal isotropic subspace of Y 0 A" to be such that 
(Y 0 <g> W)+ = Y 0 <g> if ® (l'o ® X) + . 

We still need to show that for some choice of f s G A\ (x, cr) and 
$ G 5x 1 ,y 0 (A), (13.61) is non-vanishing. This follows the idea in (jR92 . 
Prop. 2] except that we need to account for the theta twist. By 
Prop. 13.21 for some choice of 0 G cr and T G «Sx,y 0 (A), 

(3.7) [ ip(h)9^ t x,Yo(h,l,^)dh 

J[G(Z)) 

is non-vanishing. We may assume that T is a pure tensor d/„ and 
for all but finitely many finite places v, d/„ is the characteristic function 
of (y 0 <E) X) + (O v ). We extend 0 to f s G A\{Xi a ) and d r to d> G <Sxj,y 0 
as follows. 

Let S UT be the set of finite places v where Xy 0 and 0 are unramified, 
0 and dq, are K x% -invariant. Let be the set of archimedean places. 
Let S r j be the rest of the places and S r = S r jUSoo. For each v G S r j, 
choose a small open compact subgroup Q v of Ni >v such that N\ jV D 
K x 1<v Mi iV fl K XljV fl v C K Xl , v - For each v G choose to be 
the image under the exponential map of some small open subset in 
the complement of h\e[K XltV fl M\ tV ) in \Ae{K Xl)V ) and choose smooth 
functions £„ supported on Q v such that £„ > 0 and £,,(/) = 1. Further 
conditions on Q v will be imposed below. 

The section f s is determined by its values on K Xl . We define for 
h G G(A)(A) and k G K Xl 

f s (hk ) = 0(/i n h v )XY 0 ( n tv ) n 

VG S r VGS r VGSoo 

if k v = n v mi(t v )h v uj v G Qi )V r\K Xl)V -Q v , for all v G S r and 0 otherwise. 
For v G S m we can extend d/„ to a K Xl ^-invariant Schwartz function 
d>„. For v G S r , we extend dfi, to a Schwartz function d>„. For v G S r j, 
after shrinking we may assume that d>„ is fh,-invariant. 

Then for the chosen data (13.61) is equal to 


(3.8) 


' Nl : S r r\K Zl ,Sr J Ml,S r GK Zl ,Sr J^lSr 



(j)(hti)xY 0 (t)£ Soo (Uoo) 


0^ Xt Y o {h, 1 , oj Xlt Y 0 (nmi(t)h'oj)$(0, -))dhdu)d x tdh' dn. 


We note that 

wxi ,y 0 (nmi (t)h'u , l)d>(0, z) = XY 0 (t)uj Xu Y 0 (h'uj l)d>(0, z ). 
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Then 


becomes 


/ / / 0(/^/^ / )^oc( w oo )^,A',Yo(^ , , l ^ u ^ dhdUoo ^ tdhf . 

JMi tSr nK Zli Sr Jn Soo J[G(Z)\ 

After changing variable, h' is absorbed into h and we get 


(3.9) 


The map 


ln Soo J[G{z )] 


f2,c —y C 


0(^)^<Soo (^oo)^p,A',10 (^b 1) ^Woo ^dhdoJoo- 


^oo ^ / 0(^)^s oo ( a; oo)^V',A',yo(^, 1, ®uoo)dh 

J[G(Z)} 

is continuous and 1 G is mapped to (13.71) which is non-zero 

by assumption. Thus after shrinking Dqo, (13.91) can be made non¬ 
vanishing. □ 


4. The Arthur Truncation Method 


There are two kinds of period integrals that we will investigate. Con¬ 
vergence issues aside, the first kind is of the form 


[G(Zi)] 


E Ql (g, S , fs)df lXl ,Y 0 {9, 1, $)dg 


for anon-degenerate subspace Z of X, f s G Ai(s,x,<x) and <f> G <S(lo® 
A"-, 4- ). The second kind is an integral on the automorphic quotient of 
the Jacobi group 'H(Zi) x G(Zi), where 'H(Zi) is the Heisenberg group 
Z\ © F . We reserve the notation Jf for Jacobi subgroups of G(X). 
We fix dual vectors rfo and Xq in the orthogonal complement of Z in 
X. Let Z' = Fx o © Z © Fxq. Then 'H(Zi) x G{Z\) is realised as the 
subgroup of G(Z[) that fixes xq. Then the second kind of the form 


'[HiZ!)] J[G(Z i)] 


E Ql (vg, s, fs)6ii>,x 1} Yo( v 9i h §)dgdv. 


The in tegrals diverge in general. Thus we apply Arthur truncation (Art8(1 
Art78| to the Eisenstein series. We will drop the super script Qi from 


now on. 

Since the parabolic group Q\ is maximal, ais one-dimensional and 
is identified with M. Define two functions on M as follows. Set t c to be 
the characteristic function of 1R> C for c G M and set f c = 1 r — f c . 
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Then in our special case the Arthur truncation formula has only two 
terms 

A c E(g,s,f s ) = E(g,s,f s ) - Y E Qi{l9, s, f s )f c (H(^g)) 

7 €Qi\G(Xi) 

where Eq 1 denotes the constant term of the Eisenstein series along Qi. 
The summation has only finitely many terms (depending on g). 

For Re s > Pq 1 we have 

E Qi(g,s,f s ) = f s {g) + M(w,s)f s (g), 

where w is the longest Weyl element in Qi\G(Xi)/Qi. The above 
identity actually holds for all s as meromorphic functions. 

Thus the truncated Eisenstein series A c E(g, s, f s ) equals 

Y f s {ig)r c (H(^g)) - Y M ( w , s )fs{l9)r c {H(^g)), 
7GQi\G(Xi) 7SQi\G(Xi) 

where the hrst summation is absolutely convergent for Res > Pq 1 
and the second has only finitely many terms. Both have meromorphic 
continuation to the whole complex plane. 

First we deal with the period integral of the first kind. Set 

£t,s(g) =fs{g)Op,x u Y 0 (g, 1, ^)r c (H(g)); 

C2M = M s)f 8 {g)e^x u Y 0 {g, 1 , ®)t c (H(g)). 


Also set 



for i = 1 or 2. Thus 


'[G(Z 1 )] 


A c E(g, s, f s )e 4> , Xl ,y 0 (g , 1, <S>)dg = I{{s) - I c 2 (s). 


Since the truncated Eisenstein series is rapidly decreasing, the left- 
hand side is absolutely convergent. The absolute convergence of the 
two terms on the right will be discussed later. 

We examine the -orbits in the generalised flag variety Q 1 \ G(Xi) 
which classifies the isotropic lines in X\. We use the correspondence 
given below: 


Q 1 \ G(X 1 ) <—> {Isotropic lines in AR} 



Given an isotropic line in Ad we pick a non-zero vector x on the line 
and we decompose it according to the decomposition Ad = V © Z x 


x = v + z. 
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We define 

(1) fi„,i to be set of lines such that v = 0 and z ^ 0, 

(2) fl 1)0 to be set of lines such that z = 0 and v 0 and 

(3) Oi t i to be set of lines such that v 0 and z ^ 0. 

The vectors are automatically isotropic as they lie in a symplectic space. 

Note that each set is closed under the action of G(Z 1 ). 

Thus we write 


with 


W s ) 

Ii,n i,o ( s ) 


IK S ) ~ Ii,n 0 ,i( s ) + Ii,n i, 0 ( s ) + ^ni.i 


/.. E E 

xe n 01 / G ( Z i) 5eG(Zi)-yx \G(Zi) 

f E E 

a;gf2 lj0 /G(Zi) 5eG(Zi)i'r E \G(Zi) 

f E E 

a . e n ljl /G(Zi) <5eG(Zip* \G(Zi) 


(a) 

£t(7x8g)dg-, 

€i(7*fig)dg; 

ti(7x$g)dg, 


where G(Z 1 ) 7x denotes the stabiliser of Fx in G(Z 1 ). We will show 
that each term above is absolutely convergent under some conditions 
on s and c. We will compute each term and show that only fl 0jl /G(E 1 ), 
which is exactly one G(Zi)-orbit, namely, 1, can possibly contribute. 

We make the statement more precise in the following proposition, the 
proof of which will occupy the rest of this section. 

We adopt the notation of Jf as in Sec. 13.11 Given <f> G 5x 1 ,y 0 (A) and 
k G G(Xl)(A), define $&(•) G «Sx,y 0 (A) to be the element o;^ j x 1 ,y 0 (^, 1)^(0, •). 
We note that we pick the maximal isotropic subspace of Y 0 <g) X to be 
such that (loG>Ad) + = EoG>^i"©(ko®X) + . Then we have the following. 


Proposition 4.1. Let Z be a non-degenerate subspace of X of codi¬ 
mension d. Assume that cr^O^x,y 0 18 n °t Jq~ 2 ~ or J^ 2 -distinguished. 
Let so = (dim A — dim Yo — 2d + 2)/2. Then the following hold. 

(1) The term If nQ 1 (s) is absolutely convergent for Re s large enough 
and is equal to 


(4.2) vol(F x \A 1 ) 


So 

s - s 0 




fs(hk)9^ x ,Y 0 {h, 1, §k)dhdk. 
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(2) The term 1% q 0 1 (s) is absolutely convergent for Re s large enough 
and is equal to 


s-> & s 0 

(4.3) vol(F x \A 1 )- 


s + So 




M(w, s)f s (hk)9^x,Y 0 (h, 1 , $ k )dhdk. 


(3) For Res large enough, the term I(°q 1 0 (s) (i.e., without trunca¬ 
tion) is absolutely convergent and thus, a fortiori, so is I[ (s). 
The value of Iiq 10 (s) is 0. 

(4) The term -^ 2,01 0 ( s ) absolutely convergent for any s and is 
equal to 0. 

(5) Assume that dim Z + 1 > dim Yq/ 2. Forces large enough, the 

term I%° n (s) (i.e., without truncation) is absolutely convergent 
and thus, a fortiori, so is /[(j (s). The value of /f fi (s) is 0. 

(6) Assume that dim Z + 1 > dim Yo/2. The term /| Qii (s) is ab¬ 
solutely convergent for Res large enough and the truncation 
parameter c large enough and is equal to 0. 

Under the above constraints on absolute convergence, the period of the 
truncated Eisenstein series is given by 


^ c E(g,s,f s )9^ Xl ,Y 0 (g, l,$)dg = (M - (USD- 


J[G(Z i)] 

Remark 4.2. The computation of the value of /j C q 10 (s) uses the as¬ 
sumption that a (8> Q^,x,y 0 is n °t ./q ^-distinguished. The computation 
of the value of IfQ ll (s) uses the assumption that a ® Q$,x,y 0 is n °t 


jf "^-distinguished. 


The next section is devoted to the proof of the above proposition. 


5. Jacobi period 

For the period integrals of the second kind, we set 
(5.1) Jf(s) = f £,i, s (l v 9 )dgdv 

J[W(Zi)xiG(Zi)] 7e Q 1 \G(x 1 ) 

for i = 1 or 2. Then 

[ A c E(vg, s, f s )9 Xl ,Y 0 (vg, 1, §)dgdv = J[f s) - J 2 c (s). 

J[W(Xi)xiG(Zi)] 

As with the period integral of the first kind, we decompose the integral 
into three parts according to the G(Z()-orbit of Q i \ G(AR). In this case 
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let V be the orthogonal complement of Z' in X. Given an isotropic 
line in X\ we pick a non-zero vector x on the line and we decompose 
it according to the decomposition X l = V © Z’ x 








X = W + Z. 




We define 










(1) h2o,i 

to 

be 

set 

of 

lines 

such that w 

= 0 and z 

7^ 

0 , 

(2) fii )0 

to 

be 

set 

of 

lines 

such that z 

= 0 and w 

7^ 

0 and 

(3) flip 

to 

be 

set 

of 

lines 

such that w 

^ 0 and z 

7^ 

0 . 

Thus we get 











Jl 

: (s) 

= 

7 C 

( s ) + Jf,n i,o ( 

s ) + Ji,Q 1,1 

(*) 



with 

7p 

J i,fl 0,1 

7W 

J i,fi 1,0 

T c 

J i,fl 14 


.) = / 

f Ci{lxbvg)dgdv 


R G (^i)l xen 0 ,i/c?(zo \g{z[) 

s)= f 

f £i(lx&vg)dgdv 

a[H{Z 1 )\ . 

R G(Z i)l xefii.o /G(Z[) 6eG(Z' 1 )'fx \ G(Z[) 

s)= f 

f C c (7 xSvg)dgdv 

Jmzi)]. 

>[G(Zi)} x6 m,i/G(Z[) <5eG(Z')T* \G(Z[) 


where G(Z' 1 ) lx denotes the stabiliser of Fx in G(Z[). These integrals 
are absolutely convergent if the corresponding integrals over [G(Z()] are 
absolutely convergent, since the domain [G(ZJ)] is larger than [H(Zi) x 


Proposition 5.1. Let Z be a non-degenerate subspace of X of codi¬ 
mension d. Assume that a ® 0</,,x,y o n °t Jq 2 ' or or J 2 ~ 4_ 
distinguished. Let Sq = (dimX — diml^ - 2d+4)/2. Then the following 
hold. 

(1) The term is absolutely convergent for Re s large enough 

and is equal to 


(5.2) tofill 

(2) The term 1 ( s ) absolutely convergent for Re s large enough 
and is equal to 

(5.3) tofill 

(3) Tor Res large enough, the term df} il 0 (s) (i.ewithout trunca¬ 
tion) is absolutely convergent and thus, a fortiori, so is Jin 10 (s)- 
The value of Jfa 10 (s) is 0. 
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(4) The term Jfo, 10 {s) absolutely convergent for any s and is 
equal to 0. 

(5) Assume that dim Z + 3 > dim /2. For Res large enough, the 
term Jf^ (s) (i.e., without truncation) is absolutely convergent 
and thus, a fortiori, so is Ii Ull (s). The value of If Qii (s) is 0. 

( 6 ) Assume that dim Z + 3 > dim Yq/ 2. The term Jf^^s) is ab¬ 
solutely convergent for Res large enough and the truncation 
parameter c large enough and is equal to 0 . 

Under the above constraints on absolute convergence, the period of the 
truncated Eisenstein series is given by 

f A c E{yg, s, f s )d^ Xl ,Y 0 (vg, 1, §)dgdv = (EB - (E3D- 

J[H(Zi)xG(Zi)] 

Remark 5.2. The computation of the value of Jf Ql 0 (s) uses the as¬ 
sumption that cr (g) Q</, ; x,y 0 is not 7g “^distinguished. The computation 
of the value of x (s) uses the assumption that a <%> Q^.x,y 0 is neither 
Jo ^-distinguished nor jf -2 nor J^ - 4 -distinguished. The computation 
of the value of /? Qo 1 (s) also uses the assumption that a ® 0 </,,jv,y o i s 
not Jo _ 2 -distinguished. 


We proceed to find the values of the integrals. 

After parametrising the isotropic lines in V by R \ G(V) we find that 


J i,sh, 0 ( s ) = / / E ^X'n So rjvg)dgdv 

•'[H( z i)\ J[G(Zi)] veR \G(y) 

= / V t,i(.lovgrj)dgdv. 

J[H(Zi)] J[G{Z\)} r?eJ? \ G (y) 


We note that 7 qH(Zi) x G(Zf )70 is a J^ 2 C G(X). For fixed 7 we get 


/ £(vgr})dgdv = f c (H(ri)) f a (vgr})6 Xu Y 0 (vg,l,$)dgdv. 

J[Jf] UR] 

This vanishes by assumption. Thus Iiq 10 (s) — 0. An analogous argu¬ 
ment shows that If^ 10 {s) = 0 . 

Just as in the computation of /? Ql ^s), we have 

Ji,n i,i («) = f f E E Ci^f l 1^5vg)dgdv 

•RW(Zi)] J[G(Zi)] r) g i jy G (y) 5eQ o ; \ G{Z[) 

\,Z 


E 


r/£R \ G{V) J \ H ( Z A\ J [G(Zi)\ 5( _ q0 ' ^ G ^ 

I.Z 


E &(To8vgr))dgdv. 
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Fix 7] we will show each term vanishes. Let H\ be the subgroup of 
l-L{Zi) of the form 


(5.4) 


/I 


0 * * 
1 

Iz 

1 


V 


* 

* 

0 

V 


and H 2 the subgroup of 'H(Zi) consisting of elements of the form 


(5.5) 


/I 


V 


* 0 o o\ 
1 0 
Iz 0 
1 * 

V 


with respect to the basis xo, ef, Z, e 1 , xq. We have Hi x Ho = 'H(Zi). 
Decompose Q® z ,\G(Z[) according to the H(Z i) xi G(Zi)-orbits or 
equivalently we consider the 'H(Zi) x G(Zi)-orbits of non-zero isotropic 
vectors in Z[. The orbit representatives can be taken to be ax o for 
a G F x , e\ and bx 0 for b e F x . The stabilser of ax 0 in 'H(Zi) x G(Zi) 
is G(Zi), that of ef is Hi x Q\ Zl and that of bx o is 'H(Zi) x G(Zi). 

For fixed rj, we decompose 


(5.6) [ [ E Ci{lo&vgrj)dgdv 

I[H{Zi)} J[G{Zi)) 5£Q o 

1 ’ z i 

into three parts according to the different types of orbits described 
above. We find that (15.61) is the sum of the following three terms: 

Ji = E / / E &('~ro$ax 0 (vgri)dgdv; 

a£ px J[H(Zi)] J[G{Zi)] 

J2= / E ti('YoCvgr])dgdv; 

F H ( z i)\ J[G(Zi)] ^ ei?2 x,(Q0 ^ \G{Z X )) 

Ja = E / / £i{'yoSbz 0 vgr})dgdv 

bepx J[H(Zi)] V[G(ZO] 


where 5 a x 0 is an element in G(Z[) that sends e x to ax 0 and 5bx 0 is an 
element in G(Z[) that sends e~[ to bx 0 . We use the following particular 







PERIODS AND (x, 6)-FACTORS OF CUSPIDAL FORMS OF Sp(2n) 


27 


choices 


0 0 

0 0 

-1 0 

0 a 


-a 1 0 
0 1 

0 0 

0 0 


Ohxn 


0 b~ l 0 0 

10 0 0 

0 0 0 1 

0 a b 0 


with respect to the basis ef, x 0 , x 0 , e 1 . 

For fixed a € F x , the integral in cJ\ unfolds to 


>H(Z i)(A) J[G(Z i)] 


Ci(loS a x 0 vgr])dgdv 

^i{^axo9V7])dgdv. 


JH(Z i)(A) J[G{Z i)] 

Observe that 'yoSax 0 G(Zi)('y 0 Sax 0 )^ 1 = G(Z'). Fori = 1, after changing 
variable, the inner integral becomes 

T c (H(-/ 0 5 a x o vr])) / f s (gioSax 0 vri)Ox 1 ,Y 0 (9'YoS a xoV, l,$)dg. 
J\G{Z')] 

This vanished by assumption. Vanishing for i = 2 is completely anal¬ 
ogous. 

The integral J 2 unfolds to 


'H 2 ( A) J[Hi\ JQi Zl (F) \ G(Zi)(A) 


H ( 70 U 1 v 2 gr))dgdv 1 dv 2 


'h 2 ( A) J[Hi\ «'Q?,z 1 (F)\G(Z 1 )(A) 


£,i(loVigv 2 ri)dgdv 1 dv2 


The inner double integral is equal to 


Ik Zi Jm J[Q° tZl ] 


^('y 0 viqkv2 , g)dqdvidk. 


The group 7 0 h/i xiQi z 7 0 is a Jacobi group consisting of elements 
of the form 

A 0 * * *\ 

I 1 * * * 


* * * 
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with respect to the basis xq, vq, Z, vq, xo- Thus for i = 1 we have the 
inner integral 

T c (H(-f Q kv 2 rij) / f s {q'yokv 2 r])Ox 1 ,Y 0 {q'yokv 2 ,l,®)dq 

J\4 1 

This vanishes by assumption. Vanishing for i = 2 is completely analo¬ 
gous. 

Fix b e F x and consider the double integral in Observe that 

(7o4J(?^i) x G(Z 1 ))( yo^o)" 1 = Jf~ 2 

where jf -2 is the fixator in G(Fv 0 © Z' © Fv 0 ) of v 0 . Thus for % — 1 
after changing variable, we have the integral 

t c (H(~io8 bXQ )) / fa(gjo8 b x 0 v)Qx 1 ,Y 0 {9 r Yo5bx 0 vA,®)dg 

■hJt 2 ] 

This vanishes by assumption. Vanishing for i — 2 is completely analo¬ 
gous. Thus the double integral vanishes by assumption. 

We come to the computation of the main orbit in the Jacobi period. 
As in the computation for /j C q 01 (s), we have 

J i,n 0 ,iO) =l[ £i(Svg)dgdv. 

J[H{Z 1 )) J[G{Zi)\ SeQ l z ,^ \G(Z[) 

However we need to further decompose the orbit. The set Q\.z[ \ G(Z[) 
parametrises the isotropic lines in Z[. and we consider the T-L(Zi) x 
G(Z 1 ) action on it. The orbit representatives can be chosen to be Fxq, 
Fe f and Fx 0 . Set 5 X0 to be the element 

/ 0 0 -1 o\ 

0 0 0 1 

-10 0 0 
\ 0 1 0 0 

and S Xo to be the element 

/0 1 0 0\ 

10 0 0 
0 0 0 1 
\0 0 1 0/ 

with respect to the basis ef, Xq, Xq, e\. Then 5 Xo corresponds to the 
isotropic line Fx 0 and 8 Xo corresponds to the isotropic line Fx o- Let 
H\ and H 2 be two subgroups of 'H(Zi) as defined in (15.41) and (j5.5[) . The 
stabiliser of Fx 0 in 'H(Zi) x G(Z 1 ) is G(Z 1 ), that of Fe{ is Hi x Q\ z x 
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and that of Fx o is 'H(Zi) xi G(Z i). The analysis is similar to the case 
of Th en 

( 5 - 7 ) J i,Q 0 J s ) = f f C c (4 0 C vg)dgdv 

(5.8) + [ [ ^((vg)dgdv 

WZi)] Mz d] f eH 2 «(o7i\G(^)) 

(5.9) + [ [ £-(8 Xo vg)dgdv 

Jmz,)} J\G{zi)) 

After unfolding, the first integral in (15.7[) becomes 


'H(Zim J [G(Zi)] 


€i(8io vg)dgdv 


tt(Sx 0 gv)dgdv. 


JniZiK a ) J[G(z 1 )] 

Note that SoG(Zi)5q 1 = G(Z'). For i — 1, after changing variable, the 
inner integral becomes 


t c (H( 5 0 v)) / f s (g5 0 v)9 Xl ,Y 0 (g8ov,l,$)dg 

J[G(Z')] 

and it vanishes by assumption. Similarly for i = 2, the first integral in 
(15.71) also vanishes. 

Since 8 X0 'H{Z 1 ) x G(Z X )S~^ is a Q° z , , after change of variable, the 
third integral in (15.71) is equal to 



€i(g8x 0 )dg 


nhS X0 )dndh. 


J[G{Z’)\ J [N l z /\ 

Assume that i — 1. Then 

£i{nh6 x 0 ) = f c (H(S xo ))f 3 {hS xo )d Xl ,Y 0 ( n h8 xo ,l,^)- 

The only term that depends on n is the theta series. We find that 
integration over n of the theta series is equal to 


Ox ,Y 0 {h, 1, $0 
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where $'(•) = ujx 1 ,Yo{^x Q i 1)$(0, •). Then integration over h reads as 
follows 

t c (H(6 X0 )) [ f s (h8 X0 )9 x ,Y 0 (h,l,&)dh. 

J[G{Z>)} 

This vanishes by assumption. An analogous argument shows that van¬ 
ishing when i — 2. 

After unfolding and applying fwasawa decomposition, the second 
integral in (15.71) is equal to 


'H 2 ( A) J[H i] JQ hZl (F)\G(Z i)(A) 


Ci(v l v 2 g)dgdv 


l 2 p Qi,z 1 


'h 2 ( A) JK Zl J[N QltZi ] j[ GLi] J[Hi\ J[G{Z)} 


£i(viV 2 nmi(t)hk)\t\ A ’ 1 dhdv\dtdndkdv 2 


h 2 (a) Ji< Zi J[n Q 1iZi ] J[gu] J[H!] J[G(z)} 


Ci( nv iV2mi(t)hk)\t\ 


~ 2 pq i. 




dhdvidtdndkdv 2 


'Ha(A) JK Zl J[N Qi ] J [GLi] J[Hi\ J[G(Z)) 


£i(nvimi(t)hv 2 k)\t\ 


~ 2 PQi 




-l 


dhdv\dtdndkdv 2 


Assume i = 1 first. The above is equal to 


\t\ 


~ 2 pq 


l,Z 1 


-1 


f s (vim 1 (t)hv 2 k) 


JH 2 (A) JK Zl J[N Qi Zi \ J [GLi] J[H i] J[G{Z)\ 

0x 1 ,Yo( nv i m i(t)h v 2 k, 1, ^)f c (H(virrii(t)hv 2 ))dhdvidtdndkdv 2 . 

Only the theta series involves n. As in the computation for 7 j C q 01 (s) 
after integrating over n, the inner quadruple integration above is equal 
to 




'IG(Z)] 


f s (v 1 m 1 (t)hv 2 k)\t\ A PQl ' Zl 


0 x ,y o (l, l,u)x 1 ,Y 0 {vim 1 (t)hv 2 k, l)<h(0, ■))r c {H(v 1 m 1 (t)hv 2 ))dhdv 1 dt. 


Observe that Hi has a part lying in Ni, the unipotent radical of Qi 
and that uj Xi ,y 0 ( u i 1)^(0, •) = $(0, •) for u E iVi(A). After quotienting 
out this part, what remains is the subgroup H(Z) of Hi consisting of 
elements of the form 


^10 * 0 
1 0 


V 


Iz 


* 


1 0 
V 




PERIODS AND (x, 6)-FACTORS OF CUSPIDAL FORMS OF Sp(2n) 


31 


with respect to the basis xo, ef, Z, exo. In fact 'H(Z) is a Heisenberg 
subgroup of G(Z'). In particular, m\(t) commutes with V\ e 7-L(Z)( A). 
Then the above integral is equal to 



’mz)} 


'[ G(Z)] 


|*Ia PQl ' Zl fs(mi(t)v 1 hv 2 k) 


0 X ,Y o ( 1, l,u Xl ,Y 0 {v l m l {i)hv 2 k, 1)$(0, •))T c {H{m 1 (t)v 2 ))dhdv l dt 



'IH(Z) ] 


'[G{Z)\ 


1*1 


s +PQi + \ dimY o-2pQi Zi 
A 


-1 

f s {v 1 hv 2 k) 


Ox,Y 0 (vih, 1, $ V2k )T c (H(m 1 (t)v 2 ))dhdv 1 dt 


if we set < h U2 fc(-) = u> Xl ,Y 0 ( v 2 k, 1)^(0, •)• The exponent of \t\& is equal 
to s — So where 

1 

So = -(dim X — dim Y 0 — 2 codim Z + 4). 

Note that t c (H( mi(t)v 2 )) does not vanish for |f| A < exp(c — H{y 2 )) 
where we have identified the one-dimensional space ciQj with M. Thus 
looking only at terms involving t, the integration over t is actually the 
integral: 

/•exp(c—H(v 2 )) 

vol(F x \A 1 ) / t s ~ s °d x t, 

Jo 

which is absolutely convergent and is equal to 

V0liFX AY- p(c ~ HiV2)r ‘° 


S-S 0 


if Re s > so- Thus J\^ 01 (s) is equal to 


vol(F x \ A 1 ) 


<h 2 ( a) Jk Zi J[H(Z)] J[G{Z)} 

exp(c — H(v 2 )) s ~ s ° 


f s {v 1 hv 2 k)9 x ,Yo( v i h ^!, ®v 2 k) 

dhdvidkdv 2 . 


s - s 0 

When Res > — s 0 , a similar computation shows that J 2 ^ 01 (s) is equal 
to 


vol(F x \ A 1 ) 


'h 2 ( A) Jk z . J[H(Z)\ J[G(Z)\ 


M(w , s)f s (v 1 hv 2 k)9 x ,Yo( v ih, 1 , $ V2 k) 


exp (c — H(v 2 )) s so 
s + Sq 


dhdv\dkdv 2 . 
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6. On the Series in the Proof of Main Theorems 


To ease the discussion below. We setup some auxiliary notation in 
addition to those in Sec. 12.11 Recall that V is the orthogonal comple¬ 
ment to Z in A". Fix an (isotropic) vector Vo in V and also a dual 
vector ho in V. Let W be the orthogonal complement to hoWo hr V\ 
Let R be the parabolic subgroup of G(V) that stabilises Fv 0 . For a 
scalar a, set 

m '<“> =(o (a* 0 )- 1 ) 

with respect to the dual basis ef, and set 


770(a) = 


0 

.0 (a*) -1 

with respect to the dual basis Vq,v 0 . For a 2 x 2-matrix a set 


m 2 (a) 



° 

(a*)- 1 ) 


with respect to the dual basis ef ,v 0 ,v 0 ,e^. Here a* = PaJ with J 
being the matrix with l’s on the antidiagonal and 0’s everywhere else. 
Let u >2 be the matrix 

0 1 
-1 0 

with respect to the basis Vo, v o- 

Due to the involvement of various groups, given a parabolic subgroup 
Q, we will denote by Nq its unipotent radical. For any non-degenerate 
subspace Z of Ad, Kz will always be Kx x flG(Z)(A). To make notation 
more compact, we will suppress the dependence of the theta series 
on the additive character -0. Often taking F-rational points will be 
implicit. For example, we write G(X) for G(X)(F). 

Temporarily let A" be any vector space over F with a fixed basis. Let 
x G A (A). We define ||x||„ to be the maximal norm of the coordinates 
of x v if v is hnite, the usual Euclidean norm if v is real and the square of 
the usual Euclidean norm if v is complex. Then define ||x|| = njNk 


6.1. Bounds for cuspidal automorphic forms and theta series. 

We need some bounds in the later computation and we list the results 
here. We deviate from our usual notation. Let Z and W be two 
non-degenerate subspaces of X orthogonal to each other. Let t’o G 
W and let R be the parabolic subgroup of G(W) that stabilises the 
isotropic line Fv o- Let Po,z be the minimal parabolic subgroup of G(Z) 
stabilising the complete isotropic flag Z d) c • ■ ■ C Z( rz ' ) where rz is 
the Witt index of Z. Let P be the parabolic subgroup of G(X) that 
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stabilises the same isotropic flag. Let Q be the parabolic subgroup 
of G(X) that stablises the isotropic flag Fv 0 C Z b) © Fv 0 C • • • C 
Z^ © Fv 0 . 

Lemma 6.1. Let a G *4. cusp (G(X)) and <j) G cr . Then for all positive 
integer n, there exists a constant C such that 

\<Khg)\ < Cp~ P n (h) 

for all h G G(Z)(A) and g G Cr(W)(A). 


Proof. Since h and g commute, via the Iwasawa decomposition we may 
ass ume th at h G Pq,z(A). Then hg G P( A) and pp(hg ) = pp(h). Then 


by jMS12 


Thm. D], for all positive integer n, there exists a constant 
C such that 

\4{hg)\<Cp?{h). 

□ 


Lemma 6.2. Let a G *4. cusp (G(A")) and <f G cr. Then for all positive 
integers n there exists a constant C such that 

\4>{nhg)\ < CpQ n {lig) 

for all h G G(Z)( A), g G R( A) and n G Nq{ A). 

Proof. Since h commutes with g, via the Iwasawa decomposition, we 
may assume that h G To,z(A). Then hg G Q( A). Then the lemma 
follows from MS12 . Thm. D], □ 


Finally we need an estimate of theta series. 

Lemma 6.3. Fix $ G «Sx 1 ,y(A). There exists C > 0, a > 0 and R > 0 
such that 

dim Y „ 

< C(\t\ A 2 + |t|i“)||ft|| K 

for all n G IVi(A), t G GLi(A), h G G(X)(A) and k G K\ 1 where ||/i|| 
denotes the height of h. 


Proof. First we fix a basis for Y and a symplectic basis for A". Thus 
we have a polarisation: X = X + © A" - . The Schwartz space Sx r ,y(A) 
is realised on the space Y ® if (A) (BY © A + (A). We may assume that 
n lies in a compact set. Then by continuity we only need to show the 
bound for fixed n. Furthermore by the explicit formula of Weil repre¬ 
sentation we may assume that n lies in the Levi of the Siegel parabolic 
of G(Ad)(A). Furthermore via reduction theory we may assume that h 
lies in the Siegel domain u>A 0t o(x)(fo)Kx of G(X). We refer the reader 
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to |MW95 . 1.2.1] for notation. The only difference is that we add in 
subscripts to indicate the group under consideration. Since 


UaeA 0G(x) (t 0 )a wa 

is relatively compact in P o ,G(x)0&), we may assume further that h £ 
A),G(X)- We may also assume that t £ Aoo. It is not essential if 
h lies in A 0 ,G(x)(to) or not. Let hi = [F : Q], Given a £ M>o we 
let T a be the element in A^ which is equal to a 1 / K at any infinite 
place. Write h = m(r ai ,... ,r ar ) for a* £ M >0 where r = dim X/2. Let 
a = diag{ai,..., a r } and r a = diag{r ai ,..., t 0it }. We replace t by r t 
with t £ R >0 . We are reduced to showing that there exists C > 0, 
a > 0 and R > 0 such that 


\0 Xl ,Y(nmi(T t )hk, 1,$)| < C'(|t| dl a > + |t| a )||/i|| R 


for all n , t, h as described above and all k £ K' x where K' Xi is any 
compact subset of G(Ai)(A). 

We have 


\d Xl ,Y(nmi(t)hk, 1 , <E>)| = | ^ uj XuY (nm 1 (T t )hk,l)^(y,w)\ 

y£Y®t^ 

w£Y® X + 

< ^ |tdeta| diml/ 2 |o;A'i,y(fc, l)$(j/T t , (y/J, + w)r a )\, 

y£Y 

w£Y® X + 

where fi £ (Hom f (fj", A"))(A) is deter mined by n and can be viewed 
as a row vector of length dim X. By }Wei64l . Lemme 5] there exists 
$0 £ «Sy, a'i(A) such that 

\u) Xl ,Y{k,l)$(y,w)\ < $o (y,w) 


for all k £ K ' Xi , y E Y <g) (A) and w &Y © A" + (A). Henceforth we 

replace by $o but still write it as <F. The problem reduces to hireling 
a bound for 


(6.1) $ (WL (yfJ- + w)r a ). 

yeY®£+ 

weY® X + 

We may assume that $ = $00 © $/ with being the characteristic 
function of some open compact subgroup C^p x Cp of Y <g> l 7 ] 1 "(A/) © 
F©A" + (Aj). This open compact subgroup determines a lattice A x ® A 2 
in Y © if © Y © X + . Furthermore we may assume that after suitably 








PERIODS AND (x, 6)-FACTORS OF CUSPIDAL FORMS OF Sp(2n) 


35 


enlarging Cf\ for all yj G C^\ yf/if G Cf\ Then (16.111 is equal to 
(6.2) ^2 $oo (yn, {ynao + w)r a ). 

j/gAi 
w£ A2 


We adapt the basis for Y®Y ®A1 + to a Q-basis of Res,p/Q(T<8)£^© 
Y <g) A" + ). In fact we just need to consider Y as a k dirrip Y -dimensional 
Q-vector space. After scaling we can make Ai and Ao integral with 
respect to the basis. Then in our case, the bound in Wei65l . P. 21] 
reads 

ttdimY dim X/2 

$ 00 (y,w)<C a JJ Yl ( x + + \ w ij\ 

j =1 i =1 

for a > 1. Thus (16.2[) is bounded by 


\a\ — 1 


/■cdimY dim X/2 oo oo 

Ca n n E Yl ( 1 + \ tl/Kn \ a y 1 ( 1 + \ a ¥ K ( n Vooj + rn)\ a )- 1 

j= 1 z=l m=—o o n=—oo 


dim X/2 

<C' a sup{l,t~ a } dimY JJ sup{l, a^ a } dimY . 

i =1 

Then the theta series is bounded by the above multiplied by \t det a| diml / 2 . 

dim Y 

Thus the f-part of the bound is bounded by |t| A 2 + \t | A C and the h-part 
of the bound is bounded by 

dim X /2 

n r dimY/2 — 
suptOj I 


Z=1 


for some c > 0. We note that the height 
1.2.2], Thus we get our desired bound. 


of h is as given in MW95 


□ 


6.2. The Terms 7? n . Since G(Z 1 ) acts trivially on the orbit 
representatives are just isotropic lines in V. Fix an isotropic vector 
t’o G V and also a dual vector ho G V. Let W be the orthogonal 
complement of {h 0 ,u 0 } in V. Define y 0 G G(Xi) to be the element 


m 2 ( 



)■ 


Given an isotropic vector v G V, if v = voy for rj G R(F) \ G{V)(F), 
we pick the representative j v = h _1 7oh in Q 1 \ G(X 1 ) that corresponds 
to the isotropic line Fv. The stabiliser G(Z 1 ) 7v of Fv in G(Z 1 ) is 
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obviously G(Z 1 ). Thus we need to check the absolute convergence and 
determine values of the integrals: 

( 6 - 3 ) [ fs(v~ lr roV9)r c (H(r)~ 1 ^oV9)Wx 1 ,Y 0 (9, 1 ,^)dg 

F G (Z i)l rjeR\G(V) 

and 

( 6 . 4 ) 

[ V M(w,s)f s (r]- 1 -f 0 r]g)f c (H( 7 ]- 1 ^ 0 r]g))d Xl ,Yo( 9 A^)dg. 

J[G( z i)\ V £R\g(V) 

Consider the first integral. The term fsiv^loVd) is equal to 
fs(loV9) = failogv) = fs{hwi) 

where h = To5"7tT 1 e G(Fv 0 © Z © Fv 0 )( A). It suffices to show the 
absolute convergence of 

/ fs{h'yov)0x 1 ,Y O {h'y o ,l,$)dh. 

J [G(Fvo®Z®Fvo)] J 1 £R\G(y') 

Take {1} U w 2 N R to be a system of representatives for R\G(V). The 
integral 

[ fs{h'Vo)Ox 1 ,Y 0 (h')fo, 1 , &)dh 

J [G(Fv 0 ®Z®Fv 0 )\ 

is absolutely convergent by Prop. 13.21 We study the remaining terms 

/ fs(h'yoW 2 ‘n) 6 x 1 ,Y 0 (h'yo,l,$)dh. 

J [G{Fvo®Z®Fvo)] n£N R 

For ij G N R (F ) we have that 


7o w 2 rj = in 0 w 2 

for some fj G N QlWi (F). Write fj as for n n G N Ql Wi (A), 

Ojj G A x , G G(W)(A) and k f] G AVi according to the Iwasawa 
decomposition of G(kFi)(A). Then the above integral is equal to 

f \av\T PQl fs( h grikfi)Ox u Yo(.h'yo,l,$>)dh. 

J[G(Fv 0 ®Z®Fvo)] neRfl}Wl 

By Lemma 16.11 for all R > 0 there exists C such that 

|/ s (%^)| < Cp~ P R (h ) 

where P is as in loc. cit. Thus we are reduced to showing absolute 
convergence of 

v \a-\ s+PQl 
^ N Qi, Wi 
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We note that ||e 1 77 I| is comparable to 

11 c 1 I I®^Ia 

Thus for Re s large enough the series is bounded by an Eisenstein series 
associated to the induced representation Ind ^ 1 ^ 1 ^ for s' = s + 
PQi ~ PQi Wl an d so absolutely convergent. 

For the value of the integral we exchange order of summation and 
integration. For each fixed g G R(F) \G(V)(F), we have 

/ f s (r]- 1 ^ 0 r]g)f c (H(7G 1 ^ 0 r]g))ex 1 ,Y 0 (9: 1 , ®)dg 

J\G{z 1)] 


' \G{Fv 0 ®Z®Fv 0 )} 


fs(h'yo‘n)T c {H('y o r]))0xi,Y O {h'yo, 1 , $)dh. 


Then by Prop. 13.21 the value is 0. 

For the integral fib. 411 . a similar computation leads to the integral 


[ G(Fvo®Z®Fvq)\ 


M ( w i s )fs( h loV)T c (H('y 0 r]))6x u Y 0 (h'y 0 , 1, <f>)dh. 

veR\G(V) 


Because of the truncation operation the inner sum is a finite sum. Then 
Prop. 13.21 directly implies that it is absolutely convergent and is equal 
to 0 . 


6.3. The Terms /? nii . We may take x = v + e 1 for v an isotropic 
vector in V taken up to scalar as orbit representatives of VLi i/G{Zi). 
Let R be the parabolic subgroup of G(V) that stabilises Fv 0 . Then we 
parametrise the isotropic lines in V by R\G(V). Dehne y 0 G G(Xi) 
to be the element 

m2 <(? 0) (0 4 1 ))' 

Then y 0 represents the element in Q 1 \ G(X 1 ) that corresponds to Fv o- 
If v = vog for some g G R\G(V) then dehne ") v+e - to be g^'yoV- The 
stabiliser G(Z 1) 70 of F(u 0 +eh) in G(Z 1 ) consists of elements S such that 
(u 0 + eh)5 = k{v o+eh) for some k G F x . Thus v 0 = kv 0 and e^5 = ke{, 
from which we hnd that k — 1 and 5 Exes ef. Let Qi t zi be the parabolic 
subgroup of G(Z 1 ) that stabilises and Q® z consist of those elements 

that acts as identity on G[. Then G(Zi)' 10 = G(Z 1 ) 1 ' v+e i = Qi jZl - 
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We need to check the absolute convergence and find the values of the 
two integrals: 


( 6 - 5 ) / So r]5g) 

J[G{Z 1)1 r,&R\G(.V) 5 eQ° Zj \ G(Zi) 

T c {H{r]- 1 'yov8g))0x 1 ,Yo{9, 1 , ®)dg 

and 


(«•<» L„ E E M(w, s)f s (r) X 7o rj8g) 

J[G( Z \)\ v&R \ G(y) S€Q° Zi \G(Zi) 

T c (H(if 1 ^5g))e Xl ,Yo(g :!, 

We deal with the hrst integral. Formally it is equal to 



i (E)\G(Zi)(A) 


y fshovg)n(H('yovg))^x U Y 0 (g, i, 

rieR\G(y) 



(6.7) 

dx 1 ,Y 0 ( nm i(t)hk, 1, $)|t| A PQl ' Zl dhd x tdncLk 


where = Ajq D G(Zi)(A) and Nq\ i z l is the unipotent radical of 

Qi,Zi- 

We take {1} U w-iNji to be a system of representatives for R \ G(V). 
After plugging in the bound for 6x u y 0 from Lemma [6.31 we hnd that 
the integrand is bounded by a constant times 


y f s (wi nm i (t) hk)f c (H ('joT/nmi ( t)h )) 

r>eA\G(V) 

(iC , ’ i/2 + i*ir)ifU 2 '’ 0, 'Nifcir 

for some a, r > 0. Observe that if dimZ+1 > dim Yq/2 (or equivalently 
dim A" + 3 > dim Y /2) then the exponents of |£|a are less than —1. We 
now show that 



'[G(Z)] 


f s ('y 0 mn 1 (t)h)\t\ A a \\h\\ r dhd x t 



^f s (low 2 gnm 1 (t)h)\t\ K a \\h\\ r dhd x t 

JjG-R 


and 
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are absolutely convergent for any a > 1 and Res large enough. The 
truncation does not play an important role here. 

We analyse the term f s ('y 0 nmi(t)h). Let Ny OtZ , V0 denote the unipo- 
tent radical of the parabolic subgroup of G(Fv 0 © Z © Fv 0 ) that sta¬ 
bilises Fv 0 . Conjugating y 0 across n we get 

7 o n = n' 70 

for some n! G N i]Q ^ ZvQ {K). Then conjugate m\(t) across 70 we get 


7o m i (t) = rrivi 





Thus 

( 6 . 8 ) fsinonm^h) = f s {rihm 2 {(^ fj f)w(^ J^)) 

Thus after changing variable 1 1 —> —t~ l , it reduces to showing absolute 
convergence of 


J / s (n'/im 2 ((j (J f)))\t\l\\h\\ r dM*t. 

or the following since the integral over n' does not change if we use 
instead 

( 6 - 9 ) U G{z) W hm ^ j- 1 ) (J ty)m\h\\ r dM*t. 


Next we analyse the term f s ('y 0 w 2 r]nm(t,h)). Keep conjugating ele¬ 
ments across we get 

f s (loW2r]nmi{t)h) 
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with 77 G Nq 1 w (F) and n G Ny 0t z, Vo ( A). Now we conjugate m\(t) 
across. We get 


/ 


fs(n , hrjm 2 (( , ])m 2 ( 


t~ L 1 


)™2 


V 


-1 


1 \ 

-1 




After changing t to — t 1 we are reduced to showing the absolute con¬ 
vergence of 
( 6 . 11 ) 


[ [ F fjrikrim.,! 

Jax J[g(z)] 


ve N Q Wl ( f ) 


t~ L \t 1 


))\t\l\\h\\ r dhd*t. 


Note the similarity of the above to (16.91) . We may just combine the two 
cases. 

We decompose the element 


17777,2 ( 


t~ L \t 1 


= 777-2 ( 


r 1 \t 1 


)77GG(W)(A) 


via the Iwasawa decomposition. First decompose 77 G Nq 1w (F) as 

TifjUii (afj)g^kfj 

for n ri G Nq 1w ( A), a ^ G A x , G G(W)(A) and k fl G AVi- Assume 
that 

^1 /i 

u 
1 

with respect to the basis {ej 1 ", W, ej" 1 }- Then 


nij =| Iw v 


7772 ( 


t- 1 ) \ t 1 


)t7^777 2 ( 


1 rO 0 1 




/l (i a a\ 
1 n a a 
Iw v v 
1 

V V 


with respect to the basis {ejf, v 0 , W, v 0 , e 1 }. Let nk be the element 


( 1 fi a\ 

Iw 1) 
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with respect to the basis {ho, W, uo}. Note that it only depends on g. 

Thus 


f s (n'hgm 2 ( 

=f s (rihn' fj m 2 ( 


f-i 


f-i 


1 

t 1 
1 

t 1 


)) 


)m 1 (a n )g fjl k n ) 


=f s (n'hn'^mi {a n )g n m 2 ( 


t 


-1 


Clfjt 1 


After changing variable 1a, Fl H we get 


CLfjt 1 


t 1 


)kfj) 


)k n ) 


(6.12) f s (n'hn'^mi {af)g^m 2 ( 

Consider the Iwasawa decomposition of 

'1 

t 1 

Fix t G A x . Let S be the set of finite places v such that t v O v . Let 
too be the archimedean part of t. Let t\ be the finite idele with t\ tV = t v 
for v G 5 and ti iV = 1 for v ^ S and t 2 be the finite idele with t 2 . v = t v 
for v S and t 2yV = 1 for v G 5. We get a decomposition of t as tootit 2 . 
Let Too = (tootoo + l) 1 / 2 . ffere bar denotes complex conjugation. Then 
we have the Iwasawa decomposition 


m 2 { 


1 0 
t 1 


) = m 2 ( 


T~ 1 

OO 

0 


0 

T 


OO 

. Then 


1 t, 

0 


L-l 

'1 

0 


1 f, 

0 1 




H C ^Span F { e +,fio,«o,en- x lieii is equal to 


for some kt G K s 

I |l +PQl f s [n'hnkg^m^ 

By Lemma 16.21 for any positive integer n there exists a constant C 
such that 

|/ s (n'tml^m{(T 0O t- 1 t 2 - 1 a f j)/c t ^)| < C\\T^t^ 1 a ri \f aX p 2 Q (h))~ n 

for all n' G N^ ZjVo (A), t G A x , fj G N 1<Wl (F), g G G{W){ A), h G G(A). 
and k G A^q • Here Q is the parabolic subgroup of G(X) as defined in 
loc. cit. 

Observe that 

I to—1,-1 \ sJr PQ\ \rp i-li-1 |-ndimX , I 1 s +PQi~ n dimX 

l a »Hoo L 1 lA l J oot'oo t 2 a v\A ^ \ a V 1 oo L l Ia 

Fix n such that integration over h is absolutely convergent. We note 
that 


a^fi |a = exp(iL (rjm 2 ( 


t 1 


)(1))) 
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and so is comparable to 


Ik vm 2 (y t 1 = l^rj-tvoW \ 

Now we are reduced to proving absolute convergence of 

H Jax 

Fix f). For a finite place v the local integral is 

I—(-S+PQi) . .a, , x 


\e^fj - to 0 | | v ' rwi \t\yd x t 
max{||e^77||^, \t\ v }~ is+PQ ^\t\y x t 

\\eiv\\v (s+PQl) \t\ a v d x t + 


\ t \ ( v ~ is+p Ql ~ a)) d x t 


'|ik<l|ei v\U 


l*|u>ll e l v\\v 


_n __,i-(s+pQ 1 -a) L v (a)L v (s + Pq 1 — a) 
— \\ e iV\\v 


L v {s + PQi) 

Thus the product over finite v of the local integrals are absolutely 
convergent for Re s large enough. For a real place v the local integral 
is 

[ \\e^fj-tv 0 \\v {s+PQl) \t\yd x t 

= [ ( imii ; +\t\ir^ + ^\t\w*t 


-iu-^ir (5+Pc ?i _a) 


= e 


i <n\v 


{l + \t\ 2 v )-^ s+ ^\t\ a v d x t 


and for a complex place v the local integral is 

[ \\e];fj-tv 0 \\ v {s+PQl) \t\“d x t 
Jf* 


-iD-^ir (s+P( 3i _a) 


= e 


1 'l\\V 


(l + \t\ v )-( s+p ^\t\vd X t 


They are both absolutely convergent for Re s large enough. Finally the 
summation over fj is 

Z iiv 5 ir <s+ ' ,ai -“ ) 


( 6 . 13 ) 
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multiplied with certain Dedekind L- functions. The sum (16.131) is bounded 
by an Eisenstcin series on G(Wi) associated to the induced representa¬ 
tion Indg^f^| |i for s' = s + p Ql -a- p QlWi = s + \ dim Z + l-a. 
Hence it is absolutely convergent for Re s large enough. 

For the other integral (16.61) . truncation is essential. In much the same 
way we arrive at the integral 



rl ) Q j 


mam' 

\ )))dhd x t. 


Because of the truncation the terms are non-zero only if 

c<exp(H(fjm 2 ((^ t -i) (J 1 ^))( 1 )) 

On the other hand, there exists a constant d independent of t such that 
the right-hand side is bounded by 

d\\e^fj - tv oil -1 < dUeb^ir 1 < d 

since ||ej"^|| has lower bound 1 as fj varies in jV 1)Wl . Thus if c > d 
then all the terms are ‘truncated’. We conclude that for the truncation 
parameter c large enough, (16.61) is absolutely convergent. 

Now we compute the values of (16. 5 p and (16. 6 p in the absolute conver¬ 
gence range. We start from (16 . 71) . For all 77 G {1} U w 2 Nr we actually 
have 

70 r)nrrii(t)h = n'hg 

for n' G Nv 0) z, v 0 (A) and some g G G(Xi)(A) depending on 77 and t. (c.f. 
(16. 8 p and (16.10p where equalities hold without applying /.,). We can 
freely change order since the integral is absolutely convergent. Consider 
the integral over h and n 


J [ n Q 1 ,z 1 ] 

It is of the form 


fs {'foVniTi! (t) hk)r c (H ('y 0 r}nmi (t) h )) 

Ox 1] Y 0 ( nm i (t)hk, 1, <&)dhdn. 


i^ 0 ,z,v 0 ] J[G(Z)] 


'We 0 ,z.v 0 \ J IG(Z)} 


f s (n'hg)T c (H(n'hg))Q Xl y 0 {n'hg, 1, $)dhdri 
f s (n , hg)T c (H(g))e Xl ,Yo(n'hg, 1, ( l>)dhdn 
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The truncation part can be taken out of the integral. Then by Prop. 13.21 
the above integral is equal to 0. The value of (16. 6 p is also 0 from an 
analogous computation. 


6.4. The Terms /? Qoi . The set O 0 ,i has exactly one G(Zi)-orbit. We 
take the representative 1 which corresponds to the isotropic line 
in X\ or even in Z\. The stabilizer of Tf in G{Z i) is the parabolic 
subgroup Qi,z!- Let K Zl = K Xl H G(Zi)( A). Then 


T c 

*,O 0l i 


/ it(lxbg)dg 

[G( z i)\ xe Q 01 /G(Z!) 5eG(Zi)T^ \G(Zi) 


'Oi.ZiCFJXGfZOtA) 


Ci(g)dg = 


'K Zl d[(3 liZl ] 


£-{pk)dpdk. 


We write p as nm\(t)h for t G A x , h G G(Z)( A) and n in the adele 
points of the unipotent radical Nq 1 z of Q\.z x ■ Then the above is equal 
to 


£i(nmi(t)hk)P q xz ( mi(t))dnd x tdhdk. 
We need to show absolute convergence and find the values of 



(6.14) 



'[G(Z)] J{ GLi] J[N Ql ' Zi ] 


fs(mi(t)hk)f c (H(mi(t)))p Qi ^ (mi(t)) 

dx 1 ,Y 0 { nm ^)hk- l 1, <&)dnd x tdhdk 


and 


(6.15) 






l.Zi J 


M(w,s)f s (m 1 (t)hk)T c (H(m 1 (t)))p Q 2 i Zi (m^t)) 


0x 1 ,Yo( nm i(t)hk, 1 , &)dnd x tdhdk. 


PERIODS AND (x, fc)-FACTORS OF CUSPIDAL FORMS OF Sp(2n) 


45 


In both cases, using the explicit formula for Weil representation and 
the fact that Y 0 is anisotropic, the inner integral over n gives 



1 ,Zl' 


&x 1 ,Y 0 (nm, l (t)hk, 1, <3>)dn 


'[Horn {i+,Z)\ 


oixiAb( n (/ i 5 Q)mi(t)hk, 1)$(0, w)d/i 

w&{Y 0 ®X)+ 


w£(Y 0 ®X)+ 


Writing out the explicit action of t , we get 

XY(t)\t\& mY °/ 2 0x,Y o (h, 1, $fc). 

where $*,(•) = co Xlt Y 0 (k, 1)$(0, ■). Plugging the above into (j6 .14j) and 
noting that f s {rri\{t)hk) = XY 0 (t)\t\ S ^ PQl f s (hk), we find that the inner 
integral over t is equal to the product of f s (hk)dx,Y 0 (hj 1, $&) and 


[ XUoWMl imyo/2 XYoWMA +PQl ^c(^(mi(i)))p^ (mi(£))d x £ 
J[ GLi] 

= / l^ll iml ° /2 Ml +PQl T-c(^(^iW))PQi Z (mi(i))d x t 
^[GLi] ’ 1 

I | |S-i(dimX-dimy+2) „ , , /,\\\ix. 

= / pIa T c (H(mi(t)))d t 

J[ GLi] 


=V0l(F X \ A 1 ) f ^-|(dimX-dimy+2) d x t _ 

JO 

Assume Res > l(dirn X — dim Y + 2). Then the above is absolutely 
convergent and is equal to 


(6.16) 

Hence I^ Qo i 


vol(F x \ A 1 )- 


0 s—■|(dimX—dim Y+2) 


s — | (dim X — dim Y + 2) 
is equal to (16.16j) times 




fs(hk)d x ,Y 0 (h, 1, <& k )dhdk. 


By Prop. 13.21 the inner integral over h is absolutely convergent and 
there exists Z such that it is non-vanishing for some choice of data. To 
show absolute convergence we note that the integrand is bounded by a 
constant times 


s+p Ql -2pQiz l 

A 


Tc(H(mi(t))) f s (hk)\\h\ | R 
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by Lemma 16.31 for some a, R > 0. From computation above, integration 
over t is absolutely convergent when Re s is large enough and integra¬ 
tion over h is absolutely convergent because h (->• f s (hk ) is rapidly 
decreasing. 

When Res > — | (dim AT — dim Y + 2), an analogous computation 
shows that 7| n 1 is absolutely convergent and is equal to 


q—s —\(dim X —dim Y +2) 


vol(F x \A 1 ) 


s + | (dim AT — dim Y + 2) 


times 



Again by Prop. 13.21 the inner integral over h is absolutely convergent 
and there exists Z such that it is non-vanishing for some choice of data. 
Absolute convergence is shown in a similar fashion when Re s is large 
enough. 
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